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Abstract: We formulate a Model Hamiltonian of two band superconductivity for Magnesium Diboride superconductors
(MgB,). It is a conventional BCS type metallic superconductor which has the highest critical temperature T,=39K. It is
assumed that the superconductivity in MgB, arises due to metallic nature of the 2D sheets. From band structure calculations,
it is observed that two types of bands i.e. ¢ and 7 bands are located at Fermi surface. Here, we consider phonon mediated
superconductivity in which ¢ band is dominant over  band i.e. ¢ band is more coupled to a superconductor with much
higher coupling. We consider a model Hamiltonian with mean field approach and solve this by calculating equations of
motion of Green functions for a single particle. We determine the quasi-particle energy from the poles of the Green
functions. We derive the single particle correlation functions and determine the two SC order parameters for both ¢ and n
band. Here, the two SC order parameters for the bands are solved self- consistently and numerically. The conduction
bandwidth (W) is considered as W=8t,, where t; is the hopping integral. To make all the physical quantities dimensionless,
we divide 2t, in each of the physical quantities. We then calculate the gap ratio 2A(0)/KgT, for both the bands. It is seen
form our theoretical model that the two bands of MgB, superconductors have two different SC gaps with the same critical
temperature. We also observe the variation of dispersion curves of quasi-particles for different temperature parameters for
both ¢ and = band.
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The structure of MgB, superconductor is hexagonal and the
space group is p6/mmm. Here, Boron atoms are arranged
like graphite sheets which are segregated by Magnesium
atoms. The Boron atoms in MgB, superconductor form
honeycombed layers with magnesium atoms above the
centre of hexagons. Specific heat [4, 5] and Tunneling
spectroscopy measurements [6], as well as nuclear magnetic
resonance (NMR) studies [7] predicts S — wave type
superconductivity in MgB, [8, 9]. The presence of isotope
effect [11] and pressure dependence of critical temperature
[12] predicts the contribution of phono mediated BCS
superconductivity. The Fermi surface of MgB, consists of

1. Introduction

One of the common, conventional BCS type of
superconductor is Magnesium Diboride MgB,. The
superconductivity arises due to Cooper pair mechanism
through electron — phonon interaction. The mechanism of
these type of superconductors is well explained by BCS
type of superconductivity [1]. Its critical temperature of
39K is the highest among conventional superconductors and
also greater than some of cuprate superconductors where
pairing mechanism other than phonons are observed [2, 3].
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four sheets, two 3D sheets from the m bonding with
antibonding (B — 2P,) and other two nearly cylindrical
sheets from 2D o bonding (B — 2P, ;) [13, 14]. Experiments
such as point-contact spectroscopy [15], specific heat
measurement [4, 5], scanning tunneling microscopy [16]
and Raman spectroscopy [17], critical current measurement
[18] clearly explain the existence of two distinct
superconducting gaps with small gaps Ag(0)=2.8 £+ 0.05
MeV and large gap A (0)=7.1 = 0.1 MeV [19]. Both gaps
close near the bulk transition temperature To=39K. This
case has been predicted theoretically by Liu et a/ [13]. With
Tc =39K and two distinct superconducting gaps, MgB,
serves as an important test case for Density Functional
Theory (DFT) for superconductors.

There is substantial evidence from the band structure
calculation that strong covalent bonds are formed between
Borons and after the ionization of Mg, two of its electrons is
transferred to the conduction band which is formed by
Borons [20]. So, it is believed that superconductivity in
MgB, is primarily contributed from 2D metallic sheets of
Boron. It is concluded that MgB, is a typical type II

superconductor with Ginsburg-Landau parameter K ~ 23 [21].

It is observed that there is a substantial reduction in isotope
effect from the BCS predicted value of 0.5. The critical
temperature (Tc) in MgB, depends upon boron substitution
whereas there is no appreciable change due to Mg isotopic
substitution. So, the isotopic coefficient due to boron (aB)
has a significant role while the contribution due to isotopic
coefficient of Magnesium (aMg) is very small. It is reported

by Budko et al about the measured value of aB=0.26 [10].
Hinks et al predicted an aB of 0.30 and aMg of 0.02 [11].
For MgB,, the total isotope coefficient is 0.32 with a high
Debye temperature of =750 K. Optical measurement [22]
and the specific heat measurement [5] roughly estimates the

value of IZ(A—(TOzz 4.2 which deviates from the BCS value of
B

3.53 [23]. MgB, is the first material where the multi gap
effects are dominant and its transition temperature has been
supported with electron-phonon interaction mechanism for
the superconductivity. The nature of multiple gaps had been
discussed theoretically [24, 25]. Here, We formulate a two-
band Hamiltonian model to study the multi gaps in MgB, and
we use Zubarev type Green function technique [26]. In the
introduction, we have reviewed the experimental
observations of MgB, superconductors. We explain the
Hamiltonian model where we consider SC pairing
mechanism of BCS type in Section — 2. We will define
suitable Green functions and find the expressions of SC order
parameters for both o and m bands. The results of the
numerical calculation are discussed in Section-3. Finally, the
conclusion is given in Section-4.

2. Model Hamiltonian and Calculation of
SC Order Parameter

The two band BCS Hamiltonian for our system is

H = Yio(ef — Waf gare + Zio(el — wbf sbio — Tiw Vaalk, k’)aLa—klatk'lak’T = 2k Von (K, k’)blTb—klbik'lbk’T -
Tiere Van(k, KDafya_igbl by + cc (1)

Equation (1) represents the total Hamiltonian of our
system where both the first and second term represents the
Hamiltonian due to hopping of quasi-particles of & and o

band. Here, aﬂ_o(ak‘c) represents the creation and

annihilation operators for ¢ band and bi_o(bk,c) represents
the same for @ band for conduction electrons. One particle
kinetic energy for ¢ and m band are € and EE with p is the
chemical potential.

It was assumed that, due to boson exchange, an S — wave

type BCS pairing interaction exists in © and ¢ band. The inter
band superconductivity of ¢ and © band are represented by
the third and fourth term of equation (1) respectively. The
inter-band pairing interaction for ¢ and m are represented by
V,a and Vy,, respectively. The fifth term represents the
Hamiltonian involving inter-band pairing between ¢ and n
electrons. The inter-band pairing interaction is V.

The Hamiltonian of the equation (1) in the mean-field
form is

H = e, Yx(aliair +aliaw ) + exXi(blibir + biib ) — AcYk (alialy, +awawr ) — AxXi(blibl i, +bojbyr ) +
Vixk(alialy, +asian) + VoZi(bfibl iy +bojubir) (2)

Where,
€ =€~ Wer=€p— I
As=Vaalalal ) = Vaala )
Ar= Vpu(blbT 1)) = Vip(b_iibier)
V; = Vaplahialy) = Vap (a_iianr)

V; = Vap(bibT ) = Vi (b bir)

For simplicity of calculation, we consider the inter-band

pairing exchange interaction strength V; =~ V, =V. We
calculate one electron Green's function given in equation (2)
in the super conducting state of MgB, system. The double
time electron Green function is calculated by equation of
method [27-29]. The four number of Green's functions
Ak w), Ay(k,w), By(k w) and B,(k, ) are involved in
the calculation.

Ak ©) = (a al)e
Ak, w) = ((aikl; aL))m

B, (k, ) = {{bys; bi:)e
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B,(k w) = «b_kl: bltT))m

The equations of motion of the Green function A, A,,
B;, B, are

A1 _ 1 w+ e1(k) ] (3)

21 LwZ—€5(k)2+(Ag+V)2

[ o+ ez(k) ] (4)

A _ 1
2 7 onlwZ—e, (02 +(Ag+V)2
1
B —
1 2T

—(A1+V)
2n [mz—el(k)2+(Ac+V)2] ®)
_ 1 —(A2+V)
B, = 2m [mz—ez(k)2+(Aﬂ+V)2] (6)

The Green functions required for calculating SC order
parameter is A, and B,. The poles of the Green functions are

Wy, = i\/ (B + V)2 + (k)

W, = i\/(An + V)2 + (k)

The SC gaps parameters for ¢ and © bands are calculated
from the Green's functions A,(k) and B, (k) respectively.
Here, W;, and W3, are quasiparticle energies which are
calculated from the poles of the Green Functions. The
expressions for A; and A,; are

Agr= _Zkvo,k«altaikl))

Ampe= —Yi Vi ((bbT )

For simplification, we drop k and o dependence in the
Green functions. Each of the bands is a function of SC gap
parameter and inter band pairing exchange interaction. Here,
we use BCS type of Cooper pairing due to phonons between
conduction electrons in each band. The attractive interaction
is valid with energy |€; — €,| < wp. Here, the attractive
interactions between two carriers are €; and €, to form the
Cooper pairs within the range of Debye frequency (wp). We
have adopted here the interaction potential Vi in the ordinary
isotropic weak coupling limit. Here Vi, = =V, if |e; — €, <
wp, Vx = 0, otherwise. In this approximation, we consider
the SC gap is independent of k.

Ag(T) = Vo(0)N4(0) f_“j;ld[eo(k)]x(%”’)[ 1t ™

w1—wy/ Ll1+exp(Bw1)  1+exp(Bwy)

1

Br(T) = Vo(mN(0) [222 dleo (0] x (3) | - (8)

Different physical quantities used in the calculation are
superconducting gap parameters (AG,H(T)>, the inter pair
exchange interaction strength (V),
(NG_H(O)), the Debye frequencies wp and temperature (T).

We divide 2t, in each of the physical quantities involved in
the calculation, where W = 8t is the width of the conduction

band. The dimensionless parameters are SC order parameter

for ¢ band Ao(T) A"(T)
2ty 0

Z., Debye frequency for o band = T = W44, Debye frequency
0

the density of states

= Zgs, SC order parameter for n band

[ ~ KT .
for 7 band ﬂ = &4y, reduced temperature L = 0, Inter pair
0 0

exchange interaction constant — =V, SC coupling constant

for ¢ band g, = N4(0)V, (o) 3 and SC coupling constant for
nband g, = N (0)V, ().

3. Result and Discussion

We have self-consistently and numerically solved the SC
gaps Z;(T) and Z.(T). All the physical parameters are in
dimensionless form. The dimensionless parameters are SC
coupling constant (g,) for o band, SC coupling constant (g;)
for m band, SC gap parameter Z; for ¢ band, SC gap
parameter Z, for m band, inter pair exchange interaction
constant (V), Debye frequency ( wp ) and temperature
parameter (6). The Fermi level € is in the half position of
the conduction band i.e. eg=0. We consider the conduction
bandwidth Wy, where W, = 8t, = leV.

Figure 1 depicts the temperature dependence SC-gap for
both ¢ and 7 bands of Magnesium diboride superconductor.

1+exp(Bws) 1+exp([3w4)

The critical temperature parameter for both the bands is
(8¢)=0.1565 equivalent to 39.1K. The SC-gap Value for o-

band is 0.0271 =~ 6.78 MeV. The observed gap rat10 (0)

” —3 47 which is slightly less than the universal BCS Value
BO

0f3 52. The SC- gap value for m band is 0.0145 ~ 3.62 MeV

280 _ 22 _; g5. Earlier, Liu er al [30]
KgTc  KgOc

predicted that the critical temperature for both the bands is
39K where our theoretical result gives 39.1 K. The value of
SC gap in o band is in between 6.4 MeV to 7.2 MeV and for
© band, it is between 1.2 to 3.7 MeV as reported earlier by
Choi et al theoretically [31]. The same two SC gaps as
reported experimentally range from 5.5 MeV to 8§ MeV for ¢
band and 1.5 MeV to 3.5 MeV for n band [32-34]. For the
observed theoretical result, we have taken the SC coupling
constant of ¢ band (g, =0.33) and the SC coupling constant
of w band (g, =0.285). Here we have considered the phonon
mediated superconductivity which shows that ¢ band is
dominant in MgB, superconductors with a stronger coupling
and m band is less coupled to the superconductors with a
much weaker coupling which agrees well with the
experiment [35 - 37]. We also observed two-bands i.e. ® band
and o band having two different SC-energy band gaps with
the same critical temperature of 39.1 K from our theoretical
model calculation and the gap ratio is approximately the
same as experimentally and theoretically observed value [30-
33, 38].

Figure 2 depicts the quasi-particle energy plots (W, and

and the gap ratio ———=

W) vs. Xq (XO = G‘;( )) for temperature parameter (6=0K).

Here the quasi particle energy of ¢ band and m band are
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W; =6.78 MeV and W3 =3.625 MeV respectively. To study
the nature of the plot, we only consider the positive part of
quasiparticle energy. These bands show a strong
dependence on energy €,(K). The separation between gaps
decreases when the energy €, (K) increases and shows the
dispersion of the o and =m band which also differ
considerably. For o band, the most prominent dispersion
was observed and these bands are nearly flat bands. In our
model, the plot shows the o band has more prominent
dispersion than m band. It is clear from figure 2 that the
trend of o band shows slightly flat than n band at low

temperature which agrees well with the experiment [39, 40].

The dispersed flat band indicates the system as a strongly
correlated one. The dispersion of quasi-particles mentioned
here agrees well with the band dispersion of quasi-particles
reported earlier [41-43].

Figure 3 depicts the variation of the quasiparticle energy
band of Wy vs. x, for different temperature Parameters. At
0=0K, the band shows flat nature. As temperature increases
(6=0K to 6=37.5K) the dispersion plots shows the same trend
but for the temperature 6=0K, the plot is more dispersed than
the dispersion plot of other temperature. With the increase in
temperature parameter from 6=0K to 6=37.5K, the quasi-
particle energy decreases from 6.78K to 1.73K. However, it
is found that the quasiparticle energy depends upon the
magnitude of the SC gap at the respective temperature
parameters.

0.03 T T

I
aa
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0.02

N0.015

0.01

0.005

0

[ 0.01 5 0.02 0.03

Figure 1. Two SC gaps (z) for o and & band vs. temperature parameter (6)
solved self- consistently. The value of different dimensionless parameters are
inter-band pairing constant (V) = 0.00002, SC coupling constant of o band
(91 =0.33), SC coupling constant of = band (g, =0.285), Debye frequency
for o band (wy,)=0.281 = 787.7 K, Debye frequency for = band (wgz,)=0.26
=~ 650K.

Figure 4 depicts the quasiparticle energy of @ band for the
same four temperature parameters. The value decreases from
0.625 MeV to 0.0275 MeV as we move from temperature
parameters 0=0K to 0=37.5K. The energy W, at 6=0K
disperses more than the dispersion curve of the other two
temperatures. The separation of dispersion is more prominent
at Xy tends to zero and the separation decreases towards
higher values of 0.

1 1 1 I 1
0 .01 0.02 0).{(:3 0.04 0.05 0.06

Figure 2. Quasi-particle energy (W, and W) vs. x, (xo =w) for

temperature parameter (6 =0K).
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Figure 3. Plot of quasiparticle energy bands of Wy vs. x, for different
temperature Parameters for o band.
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Figure 4. Plot of quasiparticle energy bands of Wy vs. x, for same four
temperature Parameters for = band.

4. Conclusion

We report two SC-gaps in MgB, superconductor by taking
mean-field levels calculations of Green functions technique.
The equation of motions, quasi-particle energy for ¢ and n
band are derived. We have calculated the correlation
functions. The two SC-order parameters for the ¢ band and ©
band are derived. The SC-energy gap and critical temperature
for the two bands of MgB, superconductor are calculated. It
is found that the critical temperature for both bands remains
the same with two different energy gap which agrees well
with the experiment. The nature of dispersion curves of
quasi-particle energy is also studied. This model can be
improved by adding an external magnetic field in both bands
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to study the SC-gaps in the two-band model.
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