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Abstract: The squeezing, and statistical properties of a superposed light beam produced by a lambda type three-level lasers
configuration have been studied. We have determined the quadrature variances mean as well as variance photon number for
cavity modes with the aid of the solutions of c-number Langevin equations associated with the normal order. We have carried
out our analysis a light in a squeezing state can be produced by the system under consideration under the condition that the
cavity decay constant is larger than the linear gain coefficient and the squeezing occurs in the minus-quadrature. Furthermore,
we also obtain with the aid of the Q-functions and the density operator the superposition beam, and superposed light beams are
determined in quadrature variance and mean photon number. The result shows that the mean photon number and the quadrature
variance of the superposed light beam are the sum of the mean photon number and the quadrature variance of the constituent

light beams.
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1. Introduction

Quantum optics deals mainly with the quantum properties
of light generated by various optical systems such as lasers
with the effects of light on the dynamics of the atoms. The
interaction between radiation and matter (atoms) lies at the
heart of quantum optics. There has been a considerable
interest in the analysis of squeezing and statistical properties
of the light generated by three-level lasers [1, 2, 14]. A three-
level laser may be defined as a quantum optical system in
which three-level atoms initially prepared in a coherent
superposition of the two levels, are injected into a cavity
coupled to a vacuum reservoir via a single-port mirror.
Three-level system involves two dipole transients. The three
types of three-level systems, all taking their names from
Greek and Latin letter are Lambda A system which have two
lower levels coupled to an excited one, Cascade E system
which have an excited state, coupled to a middle state, and
the middle one coupled to the ground state, and V. (V)
system, which have one ground state coupled to two excited
states. A three-level laser consists of a cavity into which
three-level atoms are injected at a constant rate and removed
from the cavity after a certain time t© T. The three levels are

represented by |a>, [b>, and |c>[1, 4, 5, 8].

Squeezing is one of the non-classical features of light that
has attracted a great deal of interest. In squeezed light, the
noise in one quadrature is below the coherent or vacuum state
level at the expense of enhanced fluctuations in the other
quadrature with the product of the uncertainty in the two
quadrature satisfying the uncertainty relation. [1, 3] Squeezed
light has potential application in low noise optical
communication and weak signal detection. A three-level laser
may be defined as a quantum optical system in which three-
level atoms, initially prepared in a coherent superposition of
the two levels, are injected into a cavity. When a three-level
atom makes a transition from top to the bottom levels, two
photons are generated. The coupling of the two levels of the
atom is responsible for the interesting non classical features
of the generated light. In general, the atomic coherence can
be induced in a three-level atom by coupling with coherent
light or by preparing the atom's initially incoherent
superposition of these two levels. There are several quantum
optical systems that could generate light with non-classical
features such as squeezing, entanglement, and anti-bunching
etc. [10, 15, 17].

We assume the cavity modes to be at resonance with the
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two transition |a> <> |b> and |a> < |b> are dipole allowed
with direct transition between level [a> — |c> to be dipole
forbidden. It is considered that the case in which the atoms
are initially prepared in Superposition of |a> and |[c>. When
the three-level cascade atom decays from upper to the lower
levels two photons are emitted [6, 7, 9, 16]. If the two
photons have identical frequencies, then the three-level atom
is referred to as a degenerate three-level atom, otherwise it is
called non degenerate three-level atom [11-13]. It is realized
that the two photons generated by a cascade three-level laser
system have squeezing properties under certain conditions
due to the correlation between the photons.

2. Three-Level Atom with Radiation

In this chapter we seek to drive the Hamiltonian
describing the interaction of a radiation with Vee type
three-level atom and the master equation for three-level
laser coupled to vacuum reservoir.

|a) lc)

[b)

Figure 1. Schematic representation of a three-level atom in a Vee
Configuration.

2.1. The Hamiltonian

In this section we seek to drive the Hamiltonian
describing the interaction of a radiation with three-level
atom. The interaction of a one-clectron atom having mass
m and charge e with a single-mode radiation represented
by the vector potential 4, is described by the Hamiltonian.
e

~ 2 .
p.A + = A2 (1)

2m

ﬁlz

3w

Where P is the canonical momentum? Since, we can
neglect the second term in Eqn. (1). Hence the interaction
Hamiltonian can be put in the form

H =—-p.A 2

3w

It proves to be more convenient to express this
Hamiltonian in terms of the electric field operator. To this
end, we note that

(7 A) = - [7.A,p. 4] 3)

ie
mh
n which 7 is the position operator for the electron. Taking

into account the fact that the vector potential commute with
the position and momentum operators, one readily finds

[7.4,p.4] = ind?. 4)

It then follows that

L (rA) =242 (5)

dt m

On the other hand, we have

d s, A _ 7 df ~ dA
So that combination of Eqn. (5) and (6) leads to
AL _ej2_ppdd )
dt m dt
Furthermore, with the aid of the relation
P
p=m_ eA, ()
One can write
ﬁ-A:de—:~A—eA2‘ )
Now on account of Eqn. (7) and (9), we have
S G dA
p - A=— m# o (10)

In view of this the interaction is the Hamiltonian described
by Eqn. (2) can therefore be
Put in the form
dA

H=—-e¢? o (11)

It can be easily established that

dA 94 S o
=+ (—-1v
dt at vV

(12)

A simpler form of Eqn. (12) can be obtained by applying
the electric dipole approximation

etkr=] (13)

This is evidently justified and provided that k. r << 1.
Inspection of the vector potential in the electric dipole
approximation, on the position coordinates, it then turns out
in this approximation that

(— 7~ V)A=0, (14)
And hence in the Coulomb gauge we have
dAd _ 0A__
T E. (15)
In view of this result, we see that
H=e 7(t) - E (x, 1). (16)

2.2. The Quantum Approximation

In this section we approximate the operators in
mathematically expressed. The electric field operator for
two-mode light in the electric dipole approximation has the
form
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hwg s o~ —iwgt _
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And
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7a(t) =Tap (6ab eiw{,_t + Opa

The result is

Al=ifg (6o Ae(0a=0) — G, rei(@awt)t) + (5,

3. Master Equation

In this section we determine the master equation for Vee
type three-level laser in two-mode vacuum reservoir

3.1. Vee- Type Three-Level Laser

We consider three-level lasers in which three-level atoms
in V configuration are injected at a constant rate ra and
removed from the cavity after a certain time 1. We denote the
top and the two bottom levels of three-level atom by | b>, | a>
and | ¢ > as shown in Figure 1. We assume that the cavity
modes to be at resonance with the two transitions | b > < |a >
and | b > < | ¢ >, are dipole allowed and direct transition

d 1 o ctAn AnbA
P = E(K + Bp((l(‘)l))(ZapaJr atap —pata
+ ~(Bpi?)(2apb* — pb*a — b*ap) +

3.2. C-Number Langevin Equations

The c- number Langevin equation associated with the
normal orders.

d

1 1
dt<a>——5ua<a>—5v<ﬁ>

(23)

d 1 1
E<ﬁ>——zﬂc<ﬁ> —EU<C¥>

24

d . 1 .
E<aﬁ>:_5(#a+”c)<aﬁ> -

d 1
E<aﬁ>=_5(ﬂa+#0)<aﬁ>_

On the base of this equation Eqns. (29) and (30]
= a(t) = — > paa(t) = 5 VB + fu(t) (31)

L B) = = 5 weBE) — 5 valt) + fr(t) (32)

Where f,(t) and fz(t) are noise forces. The solution of
equation (31) and (32) can be written as

—g(t=t)
a(®) = a(0)es - flafe s GB(E) = £,(£)) (33)

(=)
B = p(0)e > —fdte ?

The solution of coupled differential equations Eqn. (33)

Gra(t) = £,(t)) (34)

)+ = (K +Bp(Y)(2bpb

66

ate iwgt ) +{ ]2 (b e—La)bt b+ eia)bt )} w (17)
eI000) + e (Bp €Dt + G €7IOBE). (18)
5ei(wb—w;,)t + 6. B+e—i(wb—w£)t>]. (19)

between level | a > < | ¢ > to be dipole forbidden. The
interaction of V three-level atom with the cavity modes can
be described in the interaction picture by the Hamiltonian

6ba &+) + (6bcﬁ + 6cb B+)] (20)

We take the initial state of a three-level atom to be

ﬁI:ig [(6ab a-—

Y,(0) = Ca(0)| a> + Cc(0)|c > 20
The master equation for V three-level laser coupled to a
two-mode vacuum reservoir can be
Written as

(Bp(o))(Z —a*hp — path) (22)
4 2o _ 2o _
g Sat>= g <at> v<af > (25)
S <Br>=—p <BP> +v<af> (26)

%<a*a>=—,ua<a*a> —%v(<a*ﬁ> + < Bra >) (27)

G <BB>= e <BB>—;U<ap>+vpa>) (28)

% v(<a'B> +<pa>) (29)
% V(< BE> +<a?>) (30)
and Eqn. (34) can be written in the matric form as
Y () = MY (6) + F(t) (35)
Y(®) = (a(®),B®) (36)
M=(uv vy ) (37)
F(t) = (fo(®) f5(®) ) (38)

We next proceed to find the eigenvalues and eigenvectors
of the matrix M. Applying the eigenvalue equation
MU; = AU;, We find the characteristic equation

= Apta + pe) + Ueptg — =0 (39

We finally obtain
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a(t) =p, () a(0) + q,(1)B(0) + Hy(t)

B(t) = p,(t) p(0) + q,()a(0) + H,(t)
Where

Hy(6) = [y po(t = ) (t) + qu(t— ) fp(t)dt'  (42)

Hy(t) = [, pa(t — t)fp(t) + qa(t — t)f, (t)dt'  (43)

3.3. The Q —Function

(40)

(41)

The cavity mode produced by a Vee three level laser
coupled to a vacuum reservoir. The Q function for a two-
mode light is expressible as

d%z d?w

Q(a,pB,t) = n—lzf_ X o(z,w, t)ez*a_za*+w*ﬁ_wﬁ* (44)

T 3

Where

® (2, w, =T 1 (Pe2" A0 " (gD B )

We can write in terms of c-number variables associated to
the normal ordering as

D (z, w, ty=e "% Ze WV < ezax(O)—zxa(t)+wh(O)-w+p(t) - (45)

We note that a (f) and S (¢) are Gaussian variables with a
vanishing mean.

In the view of this finally Q-function for Vee type three-
level lasers,

At =4+2< o> +<t?

A

Taking to account Eqn. (50) and< é* >=< ¢ >, we have

Q@,B) = exp exp (—axa—f ) (46)

4. Quadrature Fluctuation

Here we seek to determine the variance s for a superposed
two- mode light beams produced by Vee type three- level
lasers. We define the quadrature variance for a superposed
two- mode light beams by

A
oy

Ac*) =< ¢y,¢y > (47)

Where

+ = i(8+16)1

o

(43)

are the plus and minus quadrature operators for the
superposed two-mode light beams, ¢é and ¢é* are the
annihilation and creation operators for the superposed two-
mode light.

[c,,c_] = 8i. (49)

In view of the relation in above equation, the superposed
two-mode light is said to be in squeezed state if
either Ac — < 4 or Ac + < 4 such that Ac + Ac — = 4.
with the aid of above equation,

We get

Using the density operator, we write as and c- Langevin equation

> +<>-2< tt><E>Fc o> Fco >k (50)
AP, =4+2<¢e> +2< > (51)

2 _ 2uc(4ic+2An+A)—A% (1-7) ) 2ic(4rc+3An+4)—A%(1-n?)
Ac = 4+ A(l n) [ 2Kk (2Kx=An) (k+A4n) ] +tA4y1-7 [ 2k(2k=An) (k+An) ] (52)

26
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Figure 2. Plots of the minus quadrature variance above equation versus n
for k=0.8, and for different values of the line again coefficient.

The equation represents the quadrature variances for
superposition of the light beams produced by Vee three-level
lasers. Figure 2 represents the variances of the minus
quadrature [Eqn. (52)] versus 7 for different values of 4. This
figure indicates that the degree of squeezing increases with
the linear gain coefficient and almost perfect squeezing can
be obtained for large values of the linear gain coefficient and
for small values of #. Moreover, the minimum value of the
quadrature variance described by Eqn. (53) for A=1, x=0.8,
is found to be Ac;=2.79 and occurs at #=0.35 this result
implies that the maximum intracavity squeezing for the
above values is 30.25 percent below the coherent-state level.

5. Photon Statistics

In this chapter we wish to study the statistical properties of a
superposition of a two-mode light beam produced by Vee-type
three- level lasers employing the individual beams’ Q-
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functions and the density operator for the superposed beams.
We consider the two light beams from perpendicular direction
propagating into a mirror having one side totally transmitting
and the other side totally reflective as seen in Figure 3.

5.1. Density Operator

Suppose “p (t) be the density operator for the superposition
of two beams. We can write p (t) in the normal order as

% P () = Tijia cijra(t) a*t'a/brra (53)
Beam 1 ’/-/ Beam1 + Eeamz R 2 2
/T ’ I= 222 g, 8, )(pya, . and the relation
|Beam2 Atip+k Atip+k
' 4lasfi)Bray| @b = atth™ |ay By (B, (54)
Figure 3. Schematic representation of the superposition of two- mode light
beams of lambda- type three-level lasers.
AHiptk 4 j 9 k
las By XPras| a™h™ = (g + F) (B +F) |y By NP1y |
@y Bi
~ . o a 3\ - JP
p = [dadp;Q (0-’1'51' ay+o—; B+ a_ﬁ*> D (ay,f1)po D™ (—ay — B1) (55)
1 1
Where
- 7] 7] 1 *ip* 0 \j a
Q= (0-’1'31' a; + 9a B+ 6_,8;>;27'EZUM Cijkz(f)a1lﬁ1l(a1 + aa;)](ﬁl + aﬁ;)k (56)
D (ay,By) = e@" Hhub"-eid=fib. (57)

And p, is the density operator for the system at initial time

Assuming that the density operator at initial time is to be in some other state and following the same procedure to obtain the

expression in Eqn. (58), we readily find that

a

Po = d*ad*BQ; (a3, B3 a2 + 5073 B2

In which

d a

* * _1 *PD nx
QZ = (61’2, ﬁz' a + @; BZ + aT;;)Equrs Cpqrs(t)az Zr(az +

With the aid of Eqns. (58) and (59) as well as the relation

D (QZ:ﬁz)ﬁ (al,,81)|0,0)(0,0|5+(a1,ﬁ1 )5+(a2,ﬁ2 )=lagta; + B+ o XBr + fr + ay + ay]

The expectation value of the annihilation operator for two-
mode superposed light beams represented by “c in terms of

3\ ~
+35) D (@2, 82)10.00,01D* (a2, B2) (58)
3 \q d .
6(12) (BZ + 6:8;) (59)
D (a,, B,) = e®28" +hzb¥~aia-p3b,
(60)
With the commutation relation
[¢é,é%]=4. (66)

density operator is given by
Taking account Eqn. (61) and [ d?a;d?B;Q; (a{‘,ﬁi*,ai +

aiai*;ﬁi + 62;) =1, we have
(@) = Tr(p(O)EO) (61)
(@) = (@) + (Ba) + (@) + ;) (©2)
(@) = J dad?,Q; (a7, B 0+ 5o i+ 557) i (63)

N * * d a
(B = J daid?B:Q: (i, B, + s B+ 552 B (64)

with i = 1,2. Based on the result given by Eqn. (64), one can
write the operator representing the superposed light beams as

6=a1+dz+51+32 (65)

We note that the Q-function for a single mode can obtained
using the relation

Qi(ai, a)==[ d*iQi(a;, Bi, t) (67)
a2

Qulai, i+ 5 = Qe ap e, (68)
~Uaif; g

Qi+ 3B = Qi fure ()

5.2. Mean Photon Number

In this section we seek to calculate the mean photon
number for superposed two- mode light beams produced by
Vee- type three -level lasers. The mean photon number for
the superposition of two-mode light beams can be expressed
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in terms of the density operator as

a

Cr@e() = [ d*ard?ayd?Byd?B,Q: (ai, B, 0 + 5oz B +

This equation can be put in the form

CH(O)e(®) = (afa,) + (aay) + (b b,) + (b3 b,) + (afby) + (b a,) + (b5 a,) + (a3 b,) +

H(@3N@y) + (a3 )(by) + (B W@y) + (B W@y + (@3 )by) + (By )bo) + (b }(by)

Carrying out the integration and then performing the
differentiation, we find

(@fa;y=a, —1 (73)
(afd)) =a; —1(afd,) =0 (74)
Similarly

(bi'b;) = b, — 1 (75)
(bithy) = by —1,(bfh,) =0 (76)
(@;) = (b;) = (@f b;) = 0 (77)

Then finally
Cr(De(t) = BHa; a;) + (bi'by) (78)

Eqn. (78) represents the mean photon number for the
superposition of the cascade and lambda three-level lasers. We
observe from Eqn. (78) that the mean photon number for
superposition light beams is the sum of the mean photon number
of the mean photon number of a lambda -type three-level laser.

6. Conclusion

In this research we have seen the squeezing and statistical
properties of the light generated by three- level lasers whose
cavity modes are coupled to vacuum reservoirs. In which the
three-level atoms in a Vee configuration and initially
prepared in the superposition of the top and bottom levels are
injected into a cavity coupled to vacuum reservoir via a
single port-mirror. Applying the linear and adiabatic
approximation scheme we found the master equation for a
light produced by three -level lasers from which we obtained
the ¢ -number Langevin equations and their solutions.
Employing these solutions we found the ant normally ordered
characteristic function which was used to find the Q-function
of a light beam generated by three -level lasers in Vee.

Upon applying the Q-function we calculated the mean
photon number and the quadrature variance Moreover; we
have calculated the Q-function for the superposition of Vee-
type three level laser light beams. Applying this function we
calculated the density operator, the mean photon number and
quadrature variance for steady state. We have seen that the
degree of squeezing increases with the linear gain coefficient
for small values of # and almost perfect squeezing can be
obtained for large values of the linear gain coefficient.
Finally our result shows that it is possible to obtain more

n = (6*¢) = Tr(péo) (70)

]
8p1

) (a3.B5, a2 + 5073 B2+ 57) las + @ + B+ Bl (T)
(b3 a,) + (@ Xa,)
(72)

squeezing occur in cascade than the superposed, but the
quadrature variance for V is constant.
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